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LECTURE 9

In this lecture, we will focus on examples of electromagnetic wave propagation in nonlinear optical
media, by applying the forms of Maxwell’s equations as obtained in the eighth lecture to a set of
particular nonlinear interactions as described by the previously formulated nonlinear susceptibility
formalism.

The outline for this lecture is:
e General process for solving problems in nonlinear optics
e Second harmonic generation (SHG)
e Optical Kerr-effect

General process for solving problems in nonlinear optics

The typical steps in the process of solving a theoretical problem in nonlinear optics typically

involve:
{ define the optical interaction of interest }

(identifying the susceptibility)
4
define in which medium the interaction take place
(identify crystallographic point symmetry group)

4

consider eventual additional symmetries and constraints
(e. g. intrinsic, overall, or Kleinman symmetries)

4

construct the polarization density
(the Butcher and Cotter convention)

4

formulate the proper wave equation
(e. g. taking dispersion or diffraction into account)

4

formulate the proper boundary
conditions for the wave equation

¢

solve the wave equation under
the boundary conditions
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Formulation of the exercises in this lecture

In order to illustrate the scheme as previously outlined, the following exercises serve as to give
the connection between the susceptibilities, as extensively analysed from a quantum-mechanical
basis in earlier lectures of this course, and the wave equation, derived from Maxwell’s equations of
motion for electromagnetic fields.

Exercise 1. (Second harmonic generation in negative uniazial media) Consider a continuous pump
wave at angular frequency w, initially polarized in the y-direction and propagating in the positive
z-direction of a negative uniaxial crystal of crystallographic point symmetry group 3m. (Examples
of crystals belonging to this class: beta-BaB204/BBO, LiNbOs3.)

la. Formulate the polarization density of the medium for the pump and second harmonic wave.

1b. Formulate the system of equations of motion for the electromagnetic fields.

1c. Assuming no second harmonic signal present at the input, solve the equations of motion for
the second harmonic field, using the non-depleted pump approximation, and derive an expression
for the conversion efficiency of the second harmonic generation.

Exercise 2. (Optical Kerr-effect — continuous wave case) In this setup, a monochromatic optical
wave is propagating in the positive z-direction of an isotropic optical Kerr-medium.
2a. Formulate the polarization density of the medium for a wave polarized in the xy-plane.
2b. Formulate the polarization density of the medium for a wave polarized in the z-direction.
2c. Formulate the wave equation for continuous wave propagation in optical Kerr-media. The
continuous wave is z-polarized and propagates in the positive z-direction.
2d. For lossless media, solve the wave equation and give an expression for the nonlinear,
intensity-dependent refractive index n = ng + na|E, |%.
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Second harmonic generation

The optical interaction

In the case of second harmonic generation (SHG), two photons at angular frequency w combine to
a photon at twice the angular frequency,

fw + hw — h(2w).

This interaction is for the second harmonic wave (at angular frequency w)described by the second
order susceptibility
(2) (—wes
Xuaﬁ w(ﬂ wa OJ),
where w, = 2w is the generated second harmonic frequency of the light.
Symmetries of the medium

In this example we consider second harmonic generation in trigonal media of crystallographic point
symmetry group 3m. (Example: LiNbOs3)

Ei(r,t) = Re[E,, exp(—iwt)] Er(r,t) = Re[E, exp(—iwt)] + Re[Eq,, exp(—i2wt)]
= eyRe[EY exp(—iwt)]

/4--- -
_-rT
P
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|
/ lz Crystal frame (z,y, 2)

point symmetry group 3m
(e. g. LiNbO3)

Figure 1. The setup for optical second harmonic generation in LiNbO3.

For this point symmetry group, the nonzero tensor elements of the first order susceptibility are
(for example according to Table A3.1 in The Elements of Nonlinear Optics)

X =, xW,

which gives the ordinary refractive indices
na(w) = ny (W) = [1+ x5 (~w;w)]? = no(w)

for waves components polarized in the x- or y-directions, and the extraordinary refractive index

na(w) = [1 4+ x% (~w;w)]V? = np(w)
for the wave component polarized in the z-direction. Since we here are considering a negatively
uniaxial crystal (see Butcher and Cotter, p. 214), these refractive indices satisfy the inequality

ne(w) < no(w).

The nonzero tensor elements of the second order susceptibility are (for example according to
Table A3.2 in The Elements of Nonlinear Optics)

2) _ 2) _ 2) __ 2 2

2) __ 2) 2) _ 2 2) _ 2)
,(zxr - X,(zyya ngy)z - X(zz)z’ Xyzy - X(xzrﬂ
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Additional symmetries

Intrinsic permutation symmetry for the case of second harmonic generation gives

which reduces the second order susceptibility in Eq. (1) to a set of 11 tensor elements, of which only
4 are independent. (We recall that the intrinsic permutation symmetry is always applicable, as
being a consequence of the symmetrization described in lectures two and five.) Whenever Kleinman
symmetry holds, the susceptibility is in addition symmetric under any permutation of the indices,
which hence gives the additional relation
N, (230, w) = X2, (—2w5w,0) = 2, (2w 0,w),

i. e. reducing the second order susceptibility to a set of 11 tensor elements, of which only 3 are
independent.

To summarize, the set of nonzero tensor elements describing second harmonic generation under
Kleinman symmetry is

(2) (2) (2) (2) (2)

Xydz = Xayz = Xazy — ~ Xyyy> Xzzzs (2)
& =x8, =x, =xZ, =x, = x&..

For the pump field at angular frequency w, the relevant susceptibility describing the interaction

with the second harmonic wave is!
2
XL(zﬁ(—w; 2w, —w).
For an arbitrary frequency argument, this is the proper form of the susceptibility to use for the
fundamental field, and this form generally differ from that of the susceptibilities for the second har-
monic field. However, whenever Kleinman symmetry holds, the susceptibility for the fundamental
field can be cast into the same parameters as for the second harmonic field, since
Xfozﬁ(—w; 2w, —w) = {Apply overall permutation symmetry }

= ngﬁ(&u; —w, —w)

= {Apply Kleinman symmetry}

= X (2w; —w, —w)

= {Apply reality condition [B. &C. Eq. (2.43)]}

2 *
= [x2) ) (—2w; w,w)]

2
= Xfw)tﬁ(—Qw; w,w).

Hence the second order interaction is described by the same set of tensor elements for the funda-
mental as well as the second harmonic optical wave whenever Kleinman symmetry applies.

1 Keep in mind that in the convention of Butcher and Cotter, the frequency arguments to the
right of the semicolon may be writen in arbitrary order, hence we may in an equal description
instead use

X0: (~w; —w, 2w)

for the description of the second order interaction between light and matter.

4
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The polarization density

Following the convention of Butcher and Cotter,? the degeneracy factor for the second harmonic
signal at 2w is
K(—2w;w,w) = 2ttm=np,

where
p = {the number of distinct permutations of w,w} =1,
n = {the order of the nonlinearity} = 2,
m = {the number of angular frequencies wy, that are zero} = 0,
L w0
10, otherwise. [ ~ 7’
i e.

K(—2wjw,w) =2"1072 x 1 =1/2.

For the fundamental optical field at w, one might be mislead to assume that since the second
order interaction for this field is described by an identical set of tensor elements as for the second
harmonic wave, the degeneracy factor must also be identical to the previously derived one. This
is, however, a very wrong assumption, and one can easily verify that the proper degeneracy factor
for the fundamental field instead is given as

K(—w; 2w, —w) = 2i4m=np,

where
p = {the number of distinct permutations of 2w, —w} = 2,
n = {the order of the nonlinearity} = 2,
m = {the number of angular frequencies wy, that are zero} = 0,
L ifw#o
10, otherwise. [ ~ 7’
i e.

K(—w;2w, —w) = 2072 x 2 =1,

The general second harmonic polarization density of the medium is hence given as

PSY]. = [P = eo K(—2w;w,0)x )5 (—2w;w,w) ESES

2
=3x8 (—2wiw.w)

X ESES + x5, ESEY + XL ELE])]

2YyY 22z

(
X (ESES + ESES) + xCLEL B,

zZzz

PNV, = (0/2) X 2L EZES + X2 EYEY + X2 EYEZ + x2) EZEY)]
( ZTT
PSY), = (c0/2) X2, BZEY + x 2, BYES + 2, B2 EZ + X2, B E?)

(e0/2) X2

(0/2) X2

(e0/2)[

(0/2) X (BEES — BLEY) + X2, (BLES + EZEY)],
(e0/2)

(0/2) X2

c0/2) XG0 (ES BY + ELEL) + X, (BIEL + ELED)),

2 See course material on the Butcher and Cotter convention handed out during the third lecture.
Notice that for the first order polarization density, one at optical frequencies always has the trivial
degeneracy factor

K(—2w;w) = 2Hm=np = o101 » 1 = 1.
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while the general polarization density at the angular frequency of the pump field becomes®

[PEJNL)]z = [Pg)]z =ego K(—w; 2w, —w)x i;ﬁ( —w; 2w, —w) ngEEw

*X(zi)g( 2wiw,w)

XzszQwEqu* + X(2) Ey EY" + Xz 2 E;ij*]

= &of sy Bau B P8
= eolx 2, (B3, EL" + EY,EY) + X LE5, B,
POy = eolx(oe B3 BL™ + X3, B, BY + X§y- B3, BE + X0, B3, EY]
eolx{e (B3, BL" — EY,EY") + X\ 2u (B EL' + E5,EY")),
[P(NL)] = colX2y B5, BY + XSpe BYL B + XL B5, BL + X2, B3, B
= colx{ae (B3, BY' + EY,E57) + X80 (B3, B + B3, EL)].

For a pump wave polarized in the yz-plane of the crystal frame, the polarization density of the
medium hence becomes

NL z 1z
[PSNY). = (e0/2) X2, ELEY + X2, EZE?),
[N% = (c0/2) [~ X2 ELEY + X2, (BY EZ + ELEY),
PS5, =0,

and
PN, = eoX 2, EY, EY + X2, E5,E2,

zxx 2w w

PO, = sol—x( BYEY + X (BY B3 + B3, E2))

w yzx 2w w Xzda 2w w

[PSJNL)]x =0.

The wave equation

Strictly speaking, the previously formulated polarization density gives a coupled system between
the polarization states of both the fundamental and second harmonic waves, since both the y-
and z-components of the polarization densities at w and 2w contain components of all other field
components. However, for simplicity we will here restrict the continued analysis to the case of a
y-polarized input pump wave, which through the X%)y = ng)x elements give rise to a z-polarized
second harmonic frequency component at 2w.

The electric fields of the fundamental and second harmonic optical waves are for the forward

propagating configuration expressed in their spatial envelopes A, and A, as
E,(r) = e, AY (x) exp(iks, ), ko, =wny, /c =wno(w)/c
Es,(2) = e, A5 (z) exp(ika,_ ), kow. = 2wna,, /¢ = 2wng(2w)/c

Using the above separation of the natural, spatial oscillation of the light, in the infinite plane wave
approximation and by using the slowly varying envelope approximation, the wave equation for the
envelope of the second harmonic optical field becomes (see Eq. (6) in the notes from lecture eight)

0A3,  po(2w)?

dr | 2k [PL2"]: exp(—ikz, )
2 2
= Z% gi)IAZQ exp(Qikwyx) eXp(—ik‘ng J?)
=[P
WX,(zac)x
= igy o AL expli(2ka, — ko, )],
W,

3 Keep in mind that a negative frequency argument to the right of the semicolon in the suscep-
tibility is to be associated with the complex conjugate of the respective electric field; see Butcher
and Cotter, section 2.3.2.
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while for the fundamental wave,

aAy Mow ,
or 2k, [Py exp(—ika, )
' “0“’2 @) 42 , - . ,
= ’Lm EOXzaf:xAQw eXp(Zkaz .I)Aw eXp(—kayI) eXP(—kayﬂi)
v :[PE',NL)]U
Wng)z
= 25 4 AT oxpl-i(2h, ~ i),

Y

These equations can hence be summarized by the coupled system

8A§w CUX,(zwx

= Y2
D ZQﬂzw cA exp(iAkzx), (3a)
0AY, wxgm 2 gy )
. 2nwy A AV exp(—iAkx). (3b)

where
Ak = 2k, — kaw,

= 2wny,, [c — 2wna,_ /c

= (2w/¢)(nw, —wnay, )
is the so-called phase mismatch between the pump and second harmonic wave.
Boundary conditions

Here the boundary conditions are simply that no second harmonic signal is present at the input,
A5,(0) =0,
together with a known input field at the fundamental frequency,
AY(0) = {known}.

Solving the wave equation

Considering a nonzero Ak, the conversion efficiency is regularly quite small, and one may approx-
imately take the spatial distribution of the pump wave to be constant, AY (x) &~ AY(0). Using this
approximation?, and by applying the initial condition A3,(0) = 0 of the second harmonic signal,

one finds .
0A%,(2)
AZ (L) = 2w
2w( ) /0 8x dl‘

L WX(2)
:/ ﬂAyQ( ) exp(iAkz) dx
0 21’L2w2

(2)
WX zxx 2 1 .
= AY — AEKL) —1
Mgy w (0) A k[eXP(Z ) ]

= {Use [exp(iAkL) — 1]/Ak = iL exp(iAkL/2) sinc(AkL/2)}
wx L

= ZTAZQ(O) exp(tAkL/2) sinc(AkL/2).
2u.)z

4 For an outline of the method of solving the coupled system (1) exactly in terms of Jacobian
elliptic functions (thus allowing for a depleted pump as well), see J. A. Armstrong, N. Bloembergen,
J. Ducuing, and P. S. Pershan, Phys. Rev. 127, 1918-1939, (1962).

7
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Figure 2. Conversion efficiency I, (L)/1,(0) as function of normalized crystal length AkL/2. The
conversion efficiency is in the phase mismatched case (Ak # 0) a periodic function, with period
2L, with L. = w/Ak being the coherence length.

In terms if the light intensities of the waves, one after a propagation distance x = L hence has the
second harmonic signal with intensity I, (L) expressed in terms of the input intensity I, as

1
L (L) = €020, | A5, (L)

@) 2
z'wXZ”LAi’,Z(O) exp(iAkL/2) sinc(AkL/2)

= ancnng

w?IL?

8Ny, €

2n94,.C

X2 |2| 4% (0)|* sinc?(AkL/2)

:EO

271, (0
—{use Lz = 240
E()C’nwy
VP o AI2(0) .
e < i AEL/2
8ngy. € | edc?n? sine™( /2)

Wy

‘X(2)

zZTrxT

:EO

w22 \X(Z) (—2w; w,w)|?
= = T 2 12(0) sine® (AKL/2
26063 nzwzniy w(o) smc ( / )’

i. e. with the conversion efficiency

Lu(L)  WL? [xGh(—2w;0,0)
1,(0) T 2g003 nngniy

I,(0) sinc®*(AkL/2).
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Figure 3. Ordinary and extraordinary refractive indices of a negative uniaxial crystal as function
of vacuum wavelength of the light, in the case of normal dispersion. Phase matching between the
pump and second harmonic wave is obtained whenever n,,,
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Figure 4. Conversion efficiency Io,(L)/I,(0) as function of normalized crystal length AkL/2 when
the material properties are periodically reversed, with a half-period of L..
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Optical Kerr-effect - Field corrected refractive index

As a start, we assume a monochromatic optical wave (containing forward and/or backward prop-
agating components) polarized in the zy-plane,

E(z,t) = Re[E,(2) exp(—iwt)] € R3,
with all spatial variation of the field contained in

E,(z) = e, EZ(2) + e,EY(2) € C3.

The optical interaction

Optical Kerr-effect is in isotropic media described by the third order susceptibility®

3
X/(w)éﬁv(—w; W,Ww, —Ww).

Symmetries of the medium

(3

ey for isotropic media are from Appendix A3.3 of

The general set of nonzero components of x
Butcher and Cotters book given as

XPoe =X =xP...

(3) (3) (3 (3) (3) (3)

nyzz = Xzzyy = Xzzzz — Xazzz — Xa;myy = nywa: (4)

3 _ 3 _ 3 _ 3)  _ 3 _ 3)
Xg(;z)yz - Xiy)zy - er)zz - Xézrz - X(zy)ry - Xérym

Xg(fz)zy = X.(z?/)yz = X.(zijc);cz = ch?.,z)zw = ch?g)y:c = X;gga,c):cy
with
Xea = XS0y + XSy T XSy
i. e. a general set of 21 elements, of which only 3 are independent.
Additional symmetries

By applying the intrinsic permutation symmetry in the middle indices for optical Kerr-effect, one

generally has
3 3
Xftozﬁ»y(_wa w, w, _w) = X;(,Lﬂ)ary(_wa w, w, _w)a
which hence slightly reduce the set (4) to still 21 nonzero elements, but of which now only two are
independent. For a beam polarized in the xy-plane, the elements of interest are only those which
only contain x or y in the indices, i. e. the subset

(3) (3)

Xazze = nyyy’ szyy

3) (3 __ Jintr. perm.symm. | (3 (3 3) (3
Dy = X = { o DT T 38y = X X = X

with
ch)rz = Xg)z)yy + ch?z);)zy + Xgﬂsy)yfﬁ’

i. e. a set of eight elements, of which only two are independent.

5 Again, keep in mind that in the convention of Butcher and Cotter, the frequency arguments to
the right of the semicolon may be writen in arbitrary order, hence we may in an equal description
instead use

3
X/S(Zﬁy(_wv w, —w, w)

or 3)
3
X#aﬁy(_w; —Ww,w, w)

for this description of the third order interaction between light and matter.

10



Lecture notes 9 Nonlinear Optics 545513 (2003)

The polarization density

The degeneracy factor K(—w;w,w, —w) is calculated as
K(—w;w,w, —w) = 24m=ny = o140-33 — 3 /4

From the reduced set of nonzero susceptibilities for the beam polarized in the zy-plane, and by using
the calculated value of the degeneracy factor in the convention of Butcher and Cotter, we hence have

the third order electric polarization density at w, = w given as P (r,t) = Re[Pfu") exp(—iwt)],
with

PL(JJS) = Z eu(Pu(Jg))u
o

= {Using the convention of Butcher and Cotter}

z[ £ 200 T (i BN,

= {Evaluate the sums over (z,y, z) for field polarized in the zy plane}

3
:aOZ{ew[Xﬁ)mE”EﬁEfw+ X3 EYEYET  +xB) EYECEY 4+ EEYEY ]

zyyr “wHw zyry “wHw Tryy “w-w

+ ey [X(y?;)nyyEgng (3) ExE:cEy (3) E'EYE® (3) EVETE® ]}

yx:z:y wHw yxyz yyxm wHw

= {Make use of E_,, = E and relations ng)yy Xéy)m, etc.}

=¢o {ei[Xma;mw |Ez‘2 + wa)wagZEz* + memy'Ey| Em + Xa;myy |Ey| ]
+ eU[mewa;Ey|Ey|2 + meya:ErQEy* + wamy|Er| Ey + ch?nyﬂEﬂz]}

= {Make use of the intrinsic permutation symmetry}

3 x x Tk
= 50_{ex[(Xxmcgc|E |2 + 2X§c?;)c)yy|Ey|2)Ew + (ch:ic)w:c - QX;?yy)Engw

[(X;cacwc‘EyF + 2X:cacyy|Em| )Egz + (ch:ic)w:c - QX;?yy)EizEz*

For the optical field being linearly polarized, say in the z-direction, the expression for the polar-
ization density is significantly simplified, to yield

PSJB) = 60(3/4)exxgc?wx|E5‘2E

i. e. taking a form that can be interpreted as an intensity-dependent (~ |E%|?) contribution to the
refractive index (cf. Butcher and Cotter §6.3.1).

The wave equation — Time independent case

In this example, we consider continuous wave propagation® in optical Kerr-media, using light
polarized in the z-direction and propagating along the positive direction of the z-axis,

E(r,t) = Re[E, () exp(—iwt)], E.(z) = A, (2) exp(ikz) = e, AY(2) exp(ikz),

where, as previously, k = wng/c. From material handed out during the third lecture (notes on the
Butcher and Cotter convention), the nonlinear polarization density for z-polarized light is given

as PN — PO with

PSJB) = 50(3/4)'31X§;?;)m(_w' w, W, _w)|E‘i|2E‘ﬁ
£0(3/D)x s Eu By

TTxT

= 20(3/4)X sl A Ay exp(ikz),

TTxT

6 That is to say, a time independent problem with the temporal envelope of the electrical field
being constant in time.

11
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and the time independent wave equation for the field envelope A, using Eq. (6), becomes

o 2
SoAL = z“;: eo(3/4)x3) |AL2 A, exp(ikz) exp(—ikz)

=P (2)

3w?
; (3)
? 862]€ Xzzoz

[AL*AL

= {since k = wng(w)/c}
IV

=1 86?’7/0 szmx |AUJ ‘2A&Ja

or, equivalently, in its scalar form

0 3w
ZAT =\ B) 4T 12 A

Boundary conditions — Time independent case

For this special case of unidirectional wave propagation, the boundary condition is simply a known
optical field at the input,
AZ?(0) = {known}.

Solving the wave equation — Time independent case

If the medium of interest now is analyzed at an angular frequency far from any resonance, we may
look for solutions to this equation with |A,(z)| being constant (for a lossless medium). For such
a case it is straightforward to integrate the final wave equation to yield the general solution

. 3w
Au(2) = Au(0) explig X A (0)72],
CNQ

or, again equivalently, in the scalar form

X{L’ZII

AL(2) = AZ(0) explig (| AZO) 2],

which hence gives the solution for the real-valued electric field E(r,t) as

E(r,t) = Re[E, (2) exp(—iwt)]
= Re{A,(2) exp[i(kz — wt)]}

3w (3)

L wn -
= Re{Aw(O) GXp[’L(TOZ + 8C—nOme:L’z‘Aw (O)‘QZ _Wt)]}

Ekeffz

From this solution, one immediately finds that the wave propagates with an effective propagation
constant

that is to say, experiencing the intensity dependent refractive index

3
Nt = no + =—— X3, |AZ(0)|?

= ng + na| AL (0)[?,

with

3
_ 3
n2 87’L0 Xzzzx

12



